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Abstract. Firstly, we consider the unitary geometry of two exceptional Car- 
tan domains SRv^iS) and 5Rv/(27). We obtain the explicit formulas of Bergman 
kernal funtion, Cauchy-Szego kernel, Poinsson kernel and Bergman metric for 
3?v(16) and ^Rvi{^)- Secondly, we give a class of invariant differential op- 
erators for Cartan domain R of dimension n: If the Bergman metric of 5R 
is 

n 

ds 2 = ^2 gijdz i dz :j ,T(z,z) = {gij) 

and 

L(u)=T- 1 (z,z)[ 7 ^], 
OZiOZj 

then 

Lj(u) = {The sum of all prinipal minors of degree j for L(u)} 

is invariant under the biholomorphic mapping of SR. Let D be the irreducible 
bounded homogeneous domain in C n , P = P(z, *) the Poisson kernel of D, 
then for any fixed J(l < j < n) one has Lj(P 1 ^) = iff D is a symmetric 
domain. 



1. Unitary Geometry on Exceptional Cartan Domains 

In 1935, E. Cartan classified all symmetric bounded domains. He prived that 
there exit only six types of irreducible bounded symmetric domains in C™. They 
can be realized as follows: 

5R/(m, n) = {Z e C mn \I - ZZ' > 0, Z - (m, n) matrix} 
9tup ={Z e C p{p+1 ^ 2 \I - Z~Z' >0,Z- symmetric matric of degree p} 
$t in q = {Z e C q{q - 1),2 \I - ZZ' >0,Z- skew symmetric matrix of degree q} 

zz' > 0,1 - \zz'\ 2 > 0} 
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Besides the above four Cartan domains, there exist two exceptional Cartan domains 
of dimensions 16 and 27. If we denote them by 3fiy(16) and 3?y/(27) respectively, 
then 

5V(16) - {{Z, U) e C W \—^={Z - Z') - huu' + UU') > 0}, 
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Q^Q' ] + QjQ'i = 2J y /W, i, j = 1, 2, ■ ■ ■ , 6. 



H VJ (27) = [(z n ,z 12 ,z 13 ,Z22,Z23,z33) e C 1 xC*xC 8 xC 1 xC 8 xC 1 
where 
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T t T- + TjT- — 2SijI^ , i, j = 1, 2, • • • , 8. 

For the first four types of Cartan domains, Hua and Lu obtained many results[2,3].Now 
we consider the unitary geometry on the exceptional Cartan domains 3?y(16) and 
»v/(27). 

I Bergman kernel function 

The mapping 



W = A[Z -\{Z + Z ) 



-1(UU + U U') + ^(U U + U U{,)]A' 



R = A(U - U ) 
is a holomorphic automorphism of 3?y(16) , where 

( r \ 

R = 



sQi 



r = (n,--- ,r 4 ) G C 4 
' 8= («!,■■■ ,s 4 ) e C 4 



V sq 6 y 



4 = 
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an \ 



022 / 

which maps point (Z , Uq)(& 3fy(16)) into point (\/— T/, 0), and 
Zo — Z 1 



(A' A)- 1 = 



2V-1 

By direct calculations, we have 

/ «?i 

a(w,i?) _ 



d(z,u) 



011022 



j(6) 
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an 



/(4) 
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a 22 / (4) / 



and 



det 



d(W,R) d(W,R)' 



(anai 2 ) 24 = {a^a^/a™ = &et{A' A)™ / a™ . 



d(Z,U) d{Z,U) 

Hence, the Bergman kernel function of 3fy (16) is given by (up to a constant factor) 



K V (Z,U,Z,U) = 



4^f(zs - zs) - uv! 
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det 



{2 y ^l)- 1 {Z -Z)- \{UU + UU 1 ) 
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{(2V^T)- 1 (z 1 - z 1 )((2V^T)- 1 (z 8 - z 8 )) 

6 1 _ — 

-Y^lVV^-Hzi+i -^+i) - ^Qft' + tQju')} 2 }- 
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Mapping 



i=i 



W = A 



z- l -{z a + z' Q ) 



A' 



is a holomorphic automorphism of 3?y/(27), where 

aT 2 
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a 33 / (8) 



, a = (ai, • • • , a 8 ) G i? 8 



which maps pointZ (S (27)) into point v / — II and 



(A'^l)- 1 = (2V^T)-l(Zo-Z ), (a 22 a3 3 r 2 = ( 
By direct calculations, we have 



Z22° - Z 2 2° w 2 3 3° - Z 33 ° Z - Z a Z - Z 
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So, we obtain the Bergman kernel function of Ryi(27) as follows(up to a constant 
factor) : 



[^(^22 - ^22)^ (^33 - Z33) - jj=f(z - z)^=S z - z ) 

' ' ~ ' . ^U8 



126 



KVI ^ Z) = det^-Z)]' 

2.Cauchy-Szeg" Kernels and Poisson Kernels 

If the point (X, V) belongs to Solov boundary of i?y(16), then the (X, V) satisfies 
the following equation: 

/ u \ 

vQi 



2V^T 2 V ; ' 



,u= (m, ■ • • ,u 4 ) e C ,v = (vi, ■ ■ ■ ,Vi) e C . 



V vQ 6 J 

By direct calculation, the Cauchy-Szego kernel of i?y(16) is 

H V (Z,U;X,V)- [(-8-^/(2^)-^]- 

(up to a constant factor). 



det[(Z - A-')/(2>/=l) - WV' + UV')f 
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And the Poisson kernel of i?y(16) is given by (up to a constant factor) 



P V (Z, U;X, V) = 



77/160 



dct[(Z - Z )/(2y^T) - (UU + UU')/2} b \(z 8 - ^)/(2y^T) - uv'\ 
[(z 8 -zg)/(2y/=T) - uu']30|det[(Z-X')/(2V^T) - (t/F' + W)/2]| 12 
If X belong to the silov kernel boundary of (27), then we have 



,X = (*!••• ,I 8 )£R 8 



By direct calculations, the Cauchy-Szego kernel of i?y/(27) is given by (up to a 
constant factor) 
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Hyi(z x) = (*22 - ^)/(2y^T)(z 33 - z5j)/(2V^T) - (z - x)/(2y/=T)[(z - x)/(2V^iy 

[det(Z-X')/(2v /Z T)] 9 
And the Poisson kernel of Ryi(27) is (up to a constant factor) 

det( ^ ) 9| (£i ™ )(2| ^s ) _ ( _^)CT)'|126 
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2. A Class of Invariant Differential Operators on Cartan Domains 

and Their solutions 

l.We consider the Cartan domain of first type 

Ri(m, n) = (Z\I - ZT > 0, Z - (m, n) matrix). 

It is well known that the Bergman kernel function is given by (up to a consant 
factor) 

K I {Z,'Z) = [det(I - ZZ 7 )]-( m+ "). 

Let 

/ d 2 lgK I (Z,Z), 



{g ja ,k(3) = (- 



)• 



dzjadzhp 

Then {g ja ,k(3) = (I- Z'Z 1 )' 1 ■ X(I- ZZ 7 )" 1 = Ti(Z,Z) =Bcrgman metric matrix 
of R I (m,n), dsj = E™fe=i Ea,/3=i 5j a ,^^ja^fe/3 = Bergman metric matrix of 
i?/(up to a const. factor). And 

det(g ja ,kp) = [det(I - ZZ 7 )}-^ 1 ^ = K T (Z,Z). 

Let 

d 2 , d 2 - 
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If W = f(Z) is the holomorphic automorphism of i£i(ra, n), then 
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Tl {Z ' Z) ^&¥- \Jz) Tl W w > T i d w'dW \dz) 



(4) 



Let 



Lj(u) = {The sum of all principal minors of degree j for L(u)} 

then Lj(u) is an invariant differential operator of Ri(m,n)(j = 1, 2, ...,mn). 
In fact, from (4) we know that 



Tr\Z, Z)—— is similar to TTVW, W) 



dVf-^w)) 



Suppose 



F(A) = det 



dWdW 



^ a 2 



is the characteristic polynomial for T x 



then the coefficient of X mn •? is the 



dz'&z ' 

Lj(u)(j = 1,2, ,ran) ( up to sign±). But the similar matriceshave the same 

characteristic polynomial .So Lj(u) is an invariant differential operator. 
Specifically, 



Li(u) = tr 



^ d 2 



T^Z) — 



dz'&z 



is the Laplace-Beltrami operator of (i?i, dsf). 
And 

r _ _ <9 2 u 

L mn {u) =tr (Z,Z)^-^ 

is the complex Monge- Ampere operator. 
2. Let 

det (I - ZZ') n /j 
Pj(Z,U) = jj-^ ^L„r, = 1,2, ,mn), 



| det (I - ZU)'| 2n /j 
J7J7 = J, £/ is a (m, n) matrix. 



Then 



L j (p j {Z,U)) = 0, .7-1,2, ,mn. 

In fact, if we expand the Pj(Z, U) around the point Z = 0: 



Pj(Z,U) = 
Then, we have 



77 < 

1 - -tr(ZZ ) + 
J 



n 



1 + -tr(ZU ) + ... 
J 



d 2 P j (Z,U) l 

dZjaCfZkji 



\Z=0 



n In 



where 



So 



UjaUk/3, 

U=(u ja ) and UU' = I (m) . 



1 + jtr(UZ') + . 



if(j,a) = (k,/3) 
if(j,a)^(k,/3), 
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where 

U = (u 11 ...U ln U21---U 2n ---U m l---Umn), Uv! = TO. 

Then we have 



L j( p j)\z=o - 



n _.\ ■ (n)(mn — j) 
J J jmn 



= 0, 



where CI, 



(mn)\ 



in j\(mn—j)\' 

Mapping 

W = {AZ + B){CZ + D)- 1 = (I' + ZB 1 )- 1 ^' + ZD*) 

is a holomorphic automorphism of i?i(m, n) , which maps U into V and maps point 
Zo = — A~ X B into point = and we have 

/ - Z Z' = (A'A)-\ I - Z^'Zo = (D'D)- 1 , c'd'^ 1 = A- X B. 

Then, by direct calculations, we have 

p ^=t^B)- (i=M ' ' mn) 

So we have 

LjiPjiZ, U))\z=z„ = Pj(Z , U^PjiW, V))\ w=a = 0, (j = 1,2,..., mn) 
This is 

L j (P j (Z,U))=0, .7 = 1,2, ,mn. 

If f{U) is continuous on SRi(m,n) (the Silov boundary of Ri(m, nj), 

5iii(m,n) = {f/ m ' n |J7C7' = J (m) }, 

and let 

Y 3 {Z)= ( f(U)Pj(Z,U)U, j — 1,2,..., mn, 

J SRxim.n) 

then we have 

L 1 (Y 1 (Z)) = 0, 

For the other Cartan domain, such as Rh, Rm, Riv, Rv and Rvi, we have similar 
results. 

3. According to the above idea, we can obtain some other invariant differential 
operators and some holomorphic invariants for bounded domains in C' n . If D\ be 
the bounded domain in C n , and w = f(z) be the biholomorphic mapping of D\, 
which maps D\ onto domain D 2 in C n . let Tj be the Bergman metric of Di(i = 1,2), 
and 

R ^_ PlogdetTj 

dzi&Zj ' 
R ^ = d 2 logdetT 2 

dwidwj 

Then we have 

i-i 
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2°. T^d{dT, ■ Tf 1 )^ = T 2 -'d(dT 2 ■ T^)T 2 . 

Hence 

Aj(_R) = {The sum of all j by j principal minors of T^ 1 Ri}, 
Aj(R) = {The sum of all j by j principal minors of RiTj" 1 }, 
Aj (T) = {The sum of all j by j principal minors ofd(dTi • Tf 1 )} 

are invariant under the biholomorphic mapping of D\. (j = l,2, ,n)Also 

we have that 

(R) = {The sum of all j by j principal minors of (T 1 ^ 1 Ri) N }, 
(R) = {The sum of all j by j principal minors of (RiT^ 1 ) 1 ^}, 
Af (T) = {The sum of all j by j principal minors of (d(dTi • T^ 1 )^}, 

<9 2 u 

Aj(L) = {The sum of all j by j principal minors of (T^ 1 ,^_ ) N }, 

A; (L) = {The sum of all j by j principal minors of ( — / ^_ ) N T^ 1 }, 

arc invariant under the biholomorphic mapping of D\, 
where N are positive integers . 
If D\ be the homogeneous domain , then 
-T^ 1 R 1 = jW , 

so Aj(R) = A -(ii) = +C^(— l) J '.If Di be the irreducible Cartan domain , 
then 

d{dTx ■ Tf^^oddTi • Tf \ so we have 

Ai(T) = Bergman metric of Di 

4. Suppose D is a bounded homogeneous domain in C" containing the origin. 
Let T(Z, Z), K(Z, Z), P(Z, U) be the Bergman metric matrix. Bergman 
kernel function , formal Poission kernel of D respectively. 

By a linear mapping and from the relations between T(Z, Z), K(Z, Z) and P(Z, U), 
we can assume that 

T\z=o = A/, (j^p) U=o = -Hi, A + 0, M + 0. 

Let 

Lj(/z) = {the sum of all princial minor of degree j for L(/x) } 
P,-(Z,[/) = P(Z, C/)7 

Then 

L j (P j (Z,C/))=0 

if and only if 

i 1 (P(Z,[/))=0, (*) 

where 
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j = 1,2, ...,n. 



Proof We have 



L{P {Z,U))=P {Z,U)G(P 1 {Z,U)) 

d 2 logu dlogu dlogu. 
^ dz'dz ' + ( dz' ^ dz ' 



where G(u) = T~ 1 (Z, Z) 
Let 

Gj(u) = {the sum of all principal minors of degree j for G(u)}, 

then Gj(u) is also an invariant differential operators .(j=l,2,...,n). 
If W = f(Z) be the biholomophic automrophism of D, which maps Z into O 
and 

f(U) = V, then P(Z, U) = P(Z Q , U)P(W, V).so it is sufficient to 

prove that (*) holds for Z=0. 

Because 



let 



G(P(Z, U))=T- 1 
dlogP. 



dz 



l ( d 2 logP 1 dlogP dlogP , 
j [ dz'dz ' ,f [ dz' )[ Oz ' 



=o = {ai,a 2 , —,a n ) = a. 



Then we have 



G(Pj)\ z = = - (^j-^j I+^a'a (letiX^y 1 =b,aa = a) 



J J 

There exists an unitary matrix H such that 



I-(b/j)a'a = H(I-(b/j)^ ° j)H-\ 
L j (P j )\ z=0 = 0iff Xj =0, 



So, 



Where 

Xj = {the sum of all principal minors of degree j for[I — 
But 



a(b/j) 




]}■ 



So 

But 

and 



Xj = - (ab/j)) + Ci_ x = Ci(n ab)/n. 

Xi = iff n-ab = 0. 
X\ = n — ab 



*i = iff Ci(Pi)|z=o = iff Lx{P)\z=a = 
So we complete the proof. 
From this we have the following theorem. 
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Theorem: If D be the irreducible bounded homogenous domain in C n , then for 
any fixed j(l < j < n) one has 

Lj(Pj) = 
if and only if D is a symmetric domain. 

Proof: If D be the irreducible symmetric domain, then from II. 2, we have 
Lj(Pj) = 0. 

If Lj(Pj) = 0, then Li(P) = 0, i.e. the Possion kernel of D is annihilated by 
the Laplace- Beltrami operator of D under the Bergman metric. Then from the 
Theorem 8 of [1], that D must be symmetric. 
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